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SU(2,2|N) - (N’) Superunified Theory
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We establish a superspace U for supergauge actions, a conformal supergroup
SU(2,2|N}), and a conformal extended SU(2,2|N) supergravity theory. Using
the Lagrangian Higgs evolution mechanism under the supergroup SU(2,2IN)®
SU(N) acting on the superspace U, we advance an SU(2,2|N)® SU(N’) super-
unified theory of a superunited system, discuss the Lagrangian evolution of the
superunified theory, and give the fiber bundle geometry of all the above
mechanisms.

1. INTRODUCTION

Conformal supergravities are the supersymmetric extensions of Weyl’s
gravity. There are different classes of conformal supergravities (Kaku et al.,
1977a,b, 1978; Ferrara et al., 1977, 1978; BergshoefT et al, 1980). The gauge
superalgebras of these theories can be obtained by using the graded confor-
mal groups (Kaku et al., 1977a,b; Ferrara et al., 1977; Bergshoefl et al.,
1980), or by using the auxiliary fields (Ferrara et al., 1978). The internal
groups may be U(1) (Kaku et al., 1977a) or SU(N) (Kaku et al., 1977a;
Ferrara et al., 1977, Bergshoeft et al., 1980).

In this paper the internal group is chosen as SU(N), but its generators
are different from those of other authors (Ferrara et al., 1977; Kaku et al.,
1977b; Beyl, 1979). Thus the structure constants of supergroup SU(2,2|N)
are different, and the couplings are different from those of other theories.
As mentioned below, the SU(2,2|N) generators we give are simple and
some grand unified theories (GUTSs) can be imbeded into our theory.

In this paper we define group SU(2,2|N) - (N)=SU(2,2|N)®SU(N),
SU(2,2|N) - (N»=SU(2,2|N)® SU{N’). The group SU{N') is defined in
Section 4.
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2. SUPERSPACE FOR SUPERGAUGE ACTIONS OF A
SUPERUNIFIED SYSTEM AND ITS ORIGINAL LAGRANGIAN

Let us denote the space-time manifold by M [the signature of M is
(1,1,1,-1)]. Take a superunified system which includes space-time, and
suppose that the gravitational masses, particles, and fields are also present
in the system. The three kinds of gange symmetries of the system, i.e., the
space-time symmetries, the internal symmetries, and the supersymmetry,
are represented by the supergroup G. Thus Vx € M, Ja superspace spanned
by the sets of the physical and mathematical quantities under G. We denote
the superspace by U. The superspace U can be chosen in the form

U=V®:HDOq

where V is the associated Bose space for the guage action of the gauge
theory of gravity; its signature is (1, 1, 1, —1, —1, 1); H is the Fermi
superspace of dimension n X m, and the supervector in H is {0} (i=1,
2,...,n; a=1,2,...m), where {0} is a set of physical fields on M; Q is
the Bose Higgs space for the representation of the internal symmetry group
G;; and V@ H is the representation space of the supergroup G of super-
gravity; in this paper G is chosen as SU(2,2|N);@is the direct sum.

Thus every {05} € H is a supervector in H and on M. Let us use the
Majorana index; then m =4 and H is a Fermi-Bose space of dimension
nx4. In this case the {0.}e H is a set of Fermi fields (or multiplets)
constructed by quarks and leptons on M and these Fermi fields can be
transformed with the supersymmetry transformations.

The original Lagrangian of the system can be naturally obtained from
the superspace U as follows:

Lorig =L+ L+ Ly

where %, is the Lagrangian of gravitational masses in M associated with
V, Lk is the free Lagrangian of Fermi fields in H, and %y is the free
Lagrangian of Higgs fields in Q.

3. AN SU(2,2|N) EXTENDED SUPERGRAVITY THEORY

Here a superalgebra su(2,2|N) is constructed and a supergroup
SU(2,2|N) is then obtained. The groups G and G; are chosen to be the
groups SU(2,2|N) and SU(N), respectively, in this case, and an extended
conformal supergravity theory which takes SU(N) as the gauge group of
its GUT can thus be constructed. In this case U has the form

U= V@su(z,zw)H@QSU(N)
here the metric of V is n,, =diag(1, 1, 1, —1, —1, 1).
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It is well known that if we take the Majorana representation of Dirac
matrices in Minkowski space, we have
{'}/aa Yb}zznaba nab:diag(l, la 1: —1)
Vs = Y1Y2Y3%0

Using these expressions, we can define the generators of a matrix representa-
tion of the conformal group SU(2,2) as

A Ma sPa;KasD 0
e-(He 2 |

0 0
where
My, = 0, Tab =4l[70, Yb]
Pi=3Ye,  Ko=3v.vs, D=3y
and
00 0 -1 10 0 0
001 0 01 0 o0
" o10 of Tloo -1 o
-1 00 0 00 0 —1
0 0 —i 0 00 0 -1
0 0 0 i 00 -1 0
“Tlioo o of lor o o
0 —i 0 0 10 0 0

In constructing the above expressions, we have taken A =1 for the de Sitter
curvature, and made the algebra ds(3,2) a subalgebra of the conformal
algebra su(2,2) of (M, P,). The ds(3,2) subalgebra will enable us to obtain
a Yang-Mills type of action, which is invariant under the Weyl mapping.
Let us take the generators of internal symmetry groups as

f: (A’ Ek)
i (1 0 010
il ) =612)
4\0 | (4/N)I 01 &
where g, are SU(N) generators. We select the supersymmetry generators as
0 |0 Ly, O
0
(CR)a(i) 0
0

where

S =
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——
lez
LZQ
0 0---0 0---0
L3a
_ Lo
0
i .
0
(CR)a1 (CR)az (CR)43 (CR) a4 0
0
‘ 0
0 | 0 Ry, O
&=,
“ (CL)a(t) 0
0
, i
l' /‘/&.—-—\
Rla
R2a
RSa
= R4a
0
i .
0
(CL)al (CL)a2 (CL)a3 (CL)a4 0
0
j 0 /

where L=3(1-17s), R=3(1+1vs), C = y,, the charge conjugate matrix, and
(i) runs 1, 2, 3, 4 columns (rows) at its located row (column).

The commutation relations of the Bose generators of space-time can
be easily calculated as follows:

[M,, M. ;1= NoaMp. + oMoy — NacMpa — NpaMac
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[Mabs Pl = MocPa = MacPs
[ Moy, Ko]= 1Ko = MacKs
[Pa, Pp]= Map
[Kas Kp]= =My
[P., D]=K,
[Ka, D]= P,
[P, Kp]= 12D

We can also find other commutation and anticommutation relations of the
Bose and Fermi generators of the gauge supergroup SU(2,2|N) as

[Sh, Map]=—(005)apsSh
[Qk Moy]=—(02)apQp
[k, P.]==3(¥D)apQh
[S%, Ka1=3(v2) Q5
[Qk, Pal=—3(¥D)apSh
[Q%, Ku1=—3(vD)usSh
[S,, D]=3S,
[Qi, D]=-30Q,

15241 (1) (0r1esS;
[0 A1=1 (1) (79.sQ5
(5% (Bl EDI=((75).p(61)"Sh; (82)%S1)
[Q% (Bl EDI= (= (7). (g1)"Qh: (82)°0%)
[E;, Ex]= if
(8%, $h) =3 8%(y"C)p (P = K)
QL. Qh) =18 (y"C)op (P + K)
QL Sh) = [~3CupD— (Co™)(yMay +(i7:C) pAT8"
+3(¥5C)ap(81)"Ei+3Cap(g2)"Bi,  a>b
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In these expressions T denotes the transpose. In the calculation of the
above superalgebraic relations we used the following extension of
Gell-Mann matrices:

g = (g%, gt

Q <rrren 0
: i
ge=|'
. i
O cvvevrnen 0
O rovreenens 0 IREERRERERERE 0
1 : 5 e
= ; 1-N
8k 1.. s [N(N_l):’ : l( )
O v ovvnnnn 0 O +vvvveeannnn 0

The g, are regarded as SU(N) generators as mentioned above, and are
different from the generators used in Ferrara et al. (1977) and Kaku et al.
(1977b). The generators of the supergroup SU(2,2|N) defined above can
ensure that they can become Hermitian and in agreement with the gauge
group generators of some GUTs (Langacker, 1981). Therefore the GUTs
can be imbedded into our supergravity theory (Shao Changgui, unpub-
lished).
Now we introduce the supergauge potential

B."=(BY, Vi, Cp, 6 EL, Aus 61, U2
corresponding to the SU(2,2|N) supergroup generators
Tap = (May, Pa, Ko, D; Ey, A; S, Q)
respectively, into our theory. Defining the supergauge covariant derivative
D,=d,+Bi74s
We can get the formula of the supergauge field strength R, as
R:P=6,B2"~3,Ba®+ Fp er BB

where F&} pr are structure constants of the supergroup SU(2,2|N) and
can be calculated from the above superalgebraic relations. Thus we can
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write the supergauge field strength components corresponding to the gen-
erators 745 as follows:

REW(M)=Ri(M ) geat RE(M )

=Fi+ Vi = Cl—du(Co*C )i = du(Ca”CT,
R (PYRL(P)gat RL(P)up
= ~J s+ Criw =By bui+ Uiy “ds)
R(K) =Ry, (K)grat Ry (K)sup
=Kt Vi =3y i — 6,7 "bui)
R,.(D)= Ry (D)grat R, (D)up
= 40~ Cuw = 3 (Yuitbui + Guithsi)
R, (A) = R, (A)grat Ry (Adsup
= A+ i(y¥5b0 + bu¥sihy)

Roi(8") = $uiD}, = $uDD, =3 hivs = doiyl) =3(hu¥s = i3
+H(EM) E(8i) b — (E)5(80) b + (B (80) yys
~(E*)i(80) Y5

Roui(Q") = 0D = 1% =2 vy = Guiyi) ¥H( ¥l = Bu¥i)
+(E™) i (2i) gty — (E*)3(8i) by — (E*) 1 (81)yysthsy
+(E*) (81 yYsthy

RE(Ei) = Ry (Einart R (Edsup = (R (ER), Ry, (ER))

In the calculation of the above expressions the following expressions have
also been established:

F% =0,B%-5,B2+B..BY —~ BS.BY
Ve =vavi-vive
cCt=cCcici-cicy
Je,=9,Ve-6,Vi+BL, V- B2, V),
K&, =4,Ci-d,C0+ B, Co—B2,Ch
V=V5o, - V3,
C..=Cp3,—C3a,

Euy =0LE, — 0,8,
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Cun=CLV,,—CiV,,
D, =9,+B(0l,)+5ivsA, ~1e,
Di =9,+ sz(UZb) ~3 iysA, +’5£,L
A.=38,A,-3,A,
yi=7yiVe
y=7v.C;,
Ry (EW) = R (EDimat Ry (ED)sup
=3, (E*)s—3,(E*) s +ifl(E*YL(E®)),
+30,i(81) g Ysdu +36,:(80) Yt
R..(ER) = RulEimat Ru(E)sup
=9, (EY) =0, (EM s +iff(E*YL(E™)
+ 3081 s by T 3B (81 st

4. LAGRANGIAN OF SU(2,2|N) - (N’) SUPERUNIFIED THEORY

Let us construct the Yang-Mills type of Lagrangian of the above
SU(2,2| N) supergravity first, that is,

ggauge = _% Str(Ry.yRy'v)

The p and v are tensor indices under the natural frame on M. We can
define the metric g*” on M. Using g"", we can raise the indices; thus
S.(R,,R*") is a scalar and the Z,, is invariant.

Expanding the supertrace Str(R,,R*”) into a form corresponding to
the generators of supergroup SU(2,2{N), we have

Leauge= —il RI(M) R (M) + R, (P)RL(P)+ R;.(K)RL(K)

+R,,(D)R*(D)+R,,(A)R*'(A)+ R, (S") CR*(Q")
+R,,(Q"YCR*'(S")+R,.(E)R*(E,)]

If we make allowance for the mutual interactions between mass fields and
mass fields as well as mass fields and gauge fields, the total Lagrangian of
the superunified system become

xotal = Eorig + $

gauge

14
+ ginter

It is evident that the Higgs mechanism has not been introduced into the
system at this stage. Z,,,,. can be also written as

a%gauge = ggra + =%inal + gsup + gara-sup + + xnal—sup
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where
c'(fgra: ~%R£I/B(C)gra ﬁg(c)gra
a%inal = —%Rtf(f)inalRﬁ‘é(i)inal
Loup= —3RE(S)CREH(Q) 3R (Q) CRAR(S)
~AREV(C)aupRE(Choup — R (DaupRER( Dy
3gra~sup: —%Rﬁf(c)graR‘X;}(C)sup
ﬂnahsup = *%Réf(f)inalRZ;B(i)sup
That the Lagrangian of the de Sitter gravity
Fos=—iF i Fa =iV Viy = I —3F Ve,
is contained in %,,, can be seen without difficulty. The first two terms in
the above expression are the Einstein term and the cosmology term of DSG,
respectively. Thus the superunified theory constructed using the above
Lagrangian can contain some gauge theories of gravity as subtheories in it.
We know that since the theory of general relativity is a special case of

GT.G, it also can be contained in the superunified theory. For %}, we
only have

! — I
aginter - cgorig-gauge
Using the replacement
- AB
0,~>D,=0,+B. 7ap
in Z,;, we can obtain the evolution
gorig d $orig + ggrig-gauge

Since we consider only the global invariant spontaneous symmetry breaking
of the system here, the mutual interactions between Higgs fields represented
in O and gauge fields do not appear in ¥}, That is, £3 < .%,,, cannot
undergo evolution as above, and the Goldstone bosons, the number of
which is equal to the number of broken generators of group SU(N), will
appear in L,

Now we introduce the spontaneous symmetry-breaking Higgs mechan-
ism into the system breaking the group SU(N), i.e.,

SU(N)-> SU(N"), N'=N
where SU(N) is the usual special unitary N X N matrix group, SU{N") is

either SU(N') or a diagonal matrix subgroup of SU(N’), and SU(N') is
the usual special unitary N’'x N’ matrix group. Then the evolution

°?B g $B+ gB-gauge
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will take place. The obtained £y ,,,. Will be contained in the superunified
Lagrangian %,. In addition, according to the GUT, the spontanecus sym-
metry-breaking Higgs mechanism will bring into the theory new physical
couplings. Finally, the following superunified effective Lagrangian can be
obtained:

D%su = cgm—ig + xgauge + ginter
= cfm + $F+ $B + ggauge+ Bcgorig-gauge

As a result, the superspace for supergauge actions will undergo an evolution
U - U at this stage, where

OE V(‘Bsu(z,z\N) HC—BQSU(N’)

Evidently, %, still preserves the exact symmetries that are the residual
symmetries of the subgroup

SU(2,2|N) - (Ny=SU(2,2|N) ® SU(N"

in U. Thus as far as we know, the structures of the superspace under the
gauge supergroup are in close relationship with the structures of the
Lagrangian supplied with the superspace.

5. DESCRIPTION OF THE SUPERUNIFIED THEORY
USING FIBER BUNDLES

We can give the above supergroup actions on superspace and the
evolution theory of the Lagrangian a complete mathematical description
using fiber bundle geometry.

Evidently, £, is the action constructed from some geometric invariant
quantities under SU(2,2|N) - (N). These quantities are usually supplied by
the relative quantities of the globally degenerate trivial principal bundle
(Kobayashi and Nomizu, 1963),

P'(M,SU(2,2|N) - (N))=P'(M, SUQ2,2|N))u P'(M, SU(N))
as well as by a cross section of the associated bundle
E'(M, U, SU(2,2|N) - (N), P")
=E'(M, VX H,SU(2,2|N), PY)UE'(M,Q, SU(N), P)

of the bundle P’ when the local invariances of the system have completely
degenerated into global invariances. We now localize SU(2,2|N), which
automatically results in the generating of the principal bundle
P(M, SU(2,2|N)) and its associated bundle E(M, V& H, SU(2,2|N), P)
on the space-time manifold M., Using the geometry of fiber bundles, we
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can prove that the superconnection on these bundles is just the supergauge
potential of the system. Thus we can introduce the horizontal lift basis

Dp' =6#+BSBTAB

into these bundle spaces in terms of the superconnections B.” and with
the Lie product of these bases can obtain the supercurvature R~ on these

bundles as
[Dy,s Dy] = R,ﬁfTAB

It can also be proved that the supercurvature R,7 is the supergauge strength
of the system. Thus the supergauge field quantities B;‘B and Rf}f of the
superunified theory can be provided with the geometric quantities belonging
to the bundle, P(M, SU(2,2|N))or E(M, V) H, SU(2,2|N, P), and £, ..,
which is the localization result of the supergauge symmetries, can be
provided by the invariant quartic form of the supercurvature scalar on the
bundles. The replacement

8,>D,=03,+B 7.,

in the Lagrangian is just the replacement of the coordinate basis by the
noncoordinate basis D, on these bundles. Since the group SU(N) has not
been localized, if we use SU(2,2|N) - (N) as the structure group, we can
only establish the following local degenerate bundles:

P(M)=P(M,SU(2,2IN) - (N))=P(M, SU(2,2|N))u P'(M, SU(N))
and
E(M)=E(M, U, SU(2,2[N) - (N), P)
=E(M,V® H, SU(2,2|N), P)u E'(M, Q, SU(N), P')

From the geometric quantities on the above bundles P(M) or E(M), the
Lagrangian

— /
xotal - gorig + ggauge + ginter

can be obtained.

To introduce the Higgs mechanism into the system, the group SU(N)
needs to be localized, and the bundles P(M, SU(N)) and E(M,Q,
SU(N), P) can be generated as a result. Carrying out a procedure similar
to the above and using the replacement

3.,»D,=d,+(E,g+A,A)
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we can achieve the evolution
$B g $B + cgB—gauge

Since the supergroup SU(2,2|N) - (N) has been completely localized, the
bundles

P(M)=P(M, SU(2,2|N) - (N))
= P(M, SU(2,2|N))u P(M, SU(N))
and
E(M)=E(M, U, SUQ2,2|N) - (N))
= E(M, V@ H, SU(2,2|N), P)U E(M, Q, SU(N), P)

can be obtained at this stage. The cross section oz(x) of bundle E(M) is
precisely the differentiable distribution of a set of physical quantities that
are in U and on M and invariant under the supergroup SU(2,2|N) - (N).
The cross section o,(7) on the bundle P(M) is just the differentiable
distribution of a supervierbein that is on M and under SU(2,2|N) - (N)
and relevant to the differentiable distribution of the above physical
quantities.

Since there is spontaneous symmetry breaking in the system, the Higgs
mechanism needs to be introduced into it now, and we have proved that
the Higgs mechanism of the theory is equivalent to the reduction of the
bundle P(M) or E(M) describing the theory. The supercurvature scalar
and other geometric invariant quantities which belong to the obtained
reduction subbundle of P(M) or E(M) can be utilized to construct the
Z..- The Higgs mechanism can be completely described by fiber bundle
geometry.

As SU(N)- SU(N') we perform the reductions of these bundles:

P(M)- P(M)=P(M, SU22,2|N) - (N")
= P(M, SU(2,2|N))u P(M, SU(N")
and
E(M)»E(M)=E(M)=E(M, U, SUQ22|N) - (N", P)
=E(M, V®H, SU(2,2|N), P)u E(M,Q, SU(N", P)

Then ¥, is provided by just the quartic form of the supercurvature scalar
and other geometric invariant quantities on the subbundle E(M) or P(M).



SU(2,2|N) - {N') Superunified Theory 957

The evolution procedure of the supergauge symmetry properties of the
unified system and its Lagrangian can be written as follows:

Physics: Superunified system - Supergal}ge symmetries >
Mathematics:  Superspace Supergroup

U=V®supamH®Qsuny - SU(2,2|N) ind
Langrangian: ¥, =%, +%p+ %y -

Localization of the supergauge - Higgs mechanism -

symmetries

Bundles Reduction of bundles

P(M), E(M) ~ P(M)~ P(M), >

E(M)- E(M)
’(ftolal = gorig + ggauge + fi’nler >

Local exact symmetries of the system
Reduction subbundies E(M), P(M)
Fso=Lorigt & +%

orig gauge inter

Finally, we arrive at the conclusion that on a suitable superspace the
Lagrangian of any system possessing the action mechanism under a relevant
supergroup, as above mentioned, can be defined in terms of definite evol-
utions of the geometric quantities on a fiber bundle in an exact way.
Therefore, the fiber bundle geometry can give the superunified theory a
clear, definite, and complete mathematical description.
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